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Abstract

Surveys on inflation forecasts show that expectations combine forward-
looking and backward-looking elements. In our paper we rationalize
this finding in an equilibrium framework. We assume two types of
agents, one having rational expectations and the other using adap-
tive learning in his forecasts, ratio of the two types in the population
evolve according to their past forecasting performance. Our first re-
sult is that even a misspecified learning algorithm survives competition
with rational expectations. Further, the presence of rational agents
speeds up convergence of the learning algorithm. These findings may
strengthen the case for using learning models enriched with rational
agents to model expectations.

Introduction

The importance of forward-looking behavior in economic decision making
have long been recognized in economics. However the modelling of expecta-
tions remains a matter of controversy. Since Muth 1960 [24] rational expecta-
tions have been a received benchmark. Simply stated, rational expectations
posits that agents do not make systematic forecast errors. However rational
expectations is criticized for placing unreasonable computational and infor-
mational demands on economic agents. Also, a vast empirical literature on
testing survey data rejects rational expectations and economic models with
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rational expectations often perform very badly on data. These criticisms
raised the importance of seeking alternative ways to model expectations.

However, once we depart from fully rational expectations there are many
ways to do so. To maintain some consistency the literature on adaptive
learning and boundedly rational modelling® still attributes a lot of rationality
to agents, they "behave as working economists or econometricians”?. Still,
the choice of a learning algorithm is necessarily arbitrary, and subject to the
caveat that agents would eventually abandon their ad-hoc learning rule, if
they can do better. Even though under certain conditions adaptive learning
can converge to rational expectations, still slow convergence can significantly
affect finite sample behavior of the economy. In this sense slow convergence
might even cast doubt on the validity of the final limit.

In our paper we address the criticisms of adaptive learning raised above:
would learning survive in the presence of a better forecasting algorithm, and
how fast learning converges. We raise the question what happens if agents
follow least squares learning but they have access to the forecast of an ’expert’
who can actually do better. This expert will have rational expectations. We
establish a sort of 'forecasting competition’ between the least squares learner
and the rational agent in a self referential model, and examine whether the
learner survives®. We are also interested in whether the presence of a well
informed agent can ”help” to increase rate of convergence.

One main result of our paper is that adaptive learning survives. This
means that least squares forecasts are closer to the actual outcome than the
forecasts of the rational expert with a positive probability even in the limit.
Interestingly, this conclusion holds even if the learning algorithm is misspeci-
fied. In other words the weights on least squares learning will not collapse to
zero, in equilibrium both learners and rational agents are present in the pop-
ulation. This result rationalizes empirical work on survey expectations which

Marimon 1996 [22] provides a survey of this research.

2Sargent 1993 [29] p.22.

3The idea of forecasting with the use of expert advice is an idea applied in several
branches of economic theory, for a summary see Cesa-Bianchi and Lugosi 2003 [9]. In
game theory, the concept of correlated equilibria takes experts to be pure strategies; in
finance, portfolio choice models regard experts as different portfolio strategies. In the
terminology of this literature experts in our paper would be the two forecasting algorithms
(forecasting with least squares regression and rational expectations). To avoid confusion
we will call only the rational agent to be an expert. (Experts of this paper are ” simulatable
experts”: functions that use data accessible to the forecaster himself, thus the forecaster
can simulate the experts‘ future reactions.)



suggest that in reality expectations combine backward- and forward-looking
elements.

A second main result is that the presence of a rational agent increases
rate of convergence of least squares learning. Thus, when agents have access
to rational forecasts the 'slow convergence criticism’ of adaptive learning will
not hold.

The novelty of our approach is that the ratio of learners and rational
agents in the population is not imposed exogenously, but depend on their
past performance. Who made better forecasts in the past will have higher
weight. An interesting feature of this weighting is that heterogeneity can be
an equilibrium outcome. Literature on heterogeneous learning usually as-
sumes an ad-hoc degree of heterogeneity. See for example Giannitsarou 2001
[16] who studies stability of rational expectations equilibria under different
types of heterogeneous learning. Evans, Honkapohja and Marimon 2001 [15]
uses stochastic heterogeneity, however here heterogeneity is only transitory,
it vanishes in the limit. An exception is Evans, Branch 2003 [6]. They built
a heterogeneous learning model with endogenous weights where all learning
algorithms are misspecified and the weights on them depend on their uncon-
ditional mean payoff. They find heterogeneity in equilibrium, and introduce
the concept of Misspecification Equilibrium.

We close the introduction by discussing some related empirical and theo-
retical research. One strand of empirical research examines survey measures
of inflation expectations and finds an intermediate degree or rationality. A
vast literature on testing survey data rejects the rational expectations hy-
pothesis. Lovell 1986 [18] reviews evidence against rational expectations
from a number of empirical studies. Baghestani 1992 [2] Ball and Croushore
1995 [3] show that survey forecasts do not make efficient use of all available
information.

Survey expectations are not purely adaptive neither: they reflect more
information than what is embedded in lagged inflation. Mullineaux 1980 [23]
for example found that the money supply helps explain movements in survey
expectaions, even controlling for lagged inflation. Baghestani 1992 [2] shows
that survey data are biased, but contain more predictive information than
what is included in the naive forecasts.

Recent surveys detect an intermediate degree of rationality: inflation
expectations are well represented as being a weighted average of forward-
looking and backward-looking expectations. Roberts 1998 [27] finds that
survey measures of inflation expectations are neither perfectly rational nor as
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unsophisticated as simple autoregressive models. Baak 1999 [1] and Chavas
(2000) [10] present empirical evidence for the presence of heterogeneous price
expectations (rational and boundedly rational expectations) in the U.S. beef
market.

Moreover, modelling expectations as a weighted average of adaptive and
rational expectations is supported by an other strand of empirical literature.
These papers show that the empirical performance of standard models im-
proves when instead of rational expectations the modelling choice for expec-
tations is a mixture of backward-looking and forward-looking expectations
(or survey expectations). Roberts 2001 [28] shows that the New Keynesian
model does not fit the U.S. data well unless additional lags of inflation are
used, which is not implied by rational expectations. He gives the interpre-
tation to these additional lags that some fraction of the population uses a
simple univariate rule for forecasting inflation. Roberts 1997 [26] shows that
if surveys are assumed to capture inflation expectations accurately, then there
is no need for additional lags of inflation in the New Keynesian Phillips curve.
This result implies, that if surveys accurately reflect inflation expectations,
it is imperfectly rational expectations and not the underlying structure of
the economy that accounts for the presence of lagged inflation in empirical
estimates of the New Keynesian model?.

The modelling choice of expectations is also important for policy eval-
uation. We already know that using adaptive learning instead of rational
expectations has important implications for macroeconomic policy. For ex-
ample Evans and Honkapohja 2001 ° [12], Evans and Honkapohja 2002 [14],
Bullard and Mitra 2003° [7] deal with differences of optimal monetary policy

4Survey evidence is subject to the caveat that survey respondents may not have incen-
tives to provide accurate information. So survey expectations are at best a noisy measure
of inflation expectations and at worst tell us nothing about actual inflation expectations.
However it may boost confidence in the usefulness of survey expectations that they are
helpful in modeling inflation and in predicting wages and interest rates (Roberts 1995,
1997 [25], [26], Englander and Stone 1989 [11]). Roberts 1995, 1997 found that using sur-
vey expectations instead of rational expectations improves the ability of New Keynesian
model to fit the data.

SEvans and Honkapohja 2001 [12]finds that a fundamentals based monetary policy rule,
which would be the optimal monetary policy without commitment when private agents
have perfectly rational expectations, is unstable if agents follow standard adaptive learning
rule.

6Bullard and Mitra [7] 2000 emphasizes the importance of the Taylor principle in ob-
taining stable and determinate interest rate rules.



under learning and under rational expectations. Evans and Honkapohja 2002
[13] examines interactions between fiscal and monetary policy under learn-
ing and under rational expectations. Marcet and Nicolini 2003 [21] shows
that a standard monetary model with least squares learning can reproduce
stylized facts of recurrent hyperinflations in the 80’s . Our paper would like
to support modelling expectations as a mixture of backward- and forward
looking expectations. We find it important for future research to examine
policy implications of this modelling choice.

Finally our paper shows that the rate of convergence of least squares
learning is faster in the presence of a rational agent. This is important since
in practice slow convergence can even mean no convergence ar all, for example
when there are regime shifts or changes in policy and it takes several years
for agents to learn the new equilibrium. Research on speed of convergence is
relatively scarce even though slow convergence effects real economic activity
and also has policy implications. In the first original contribution Marcet and
Sargent 1995 [20] analyzes convergence of least squares learning. They find
that convergence to rational expectations can be so slow that the standard
asymptotic distributions used in classical econometrics will not obtain. For
Bayesian learning Vives 1993 [31] finds slow rate of convergence. Similarly
to our results he shows that in the presence a positive mass of perfectly
informed agents Bayesian learning achieves v/t convergence. We believe,
our speed of convergence results support modelling adaptive learning with
rational expectations since the slow convergence problem can be avoided.

Section 1 presents the model. Section 2 establishes properties of the equi-
librium and conditions of convergence to the equilibrium. Section3 examines
speed of convergence. We compare speed of convergence results to least
squares learning and derive the conditions under which the presence of a well
informed expert can speed up convergence to equilibrium in our framework.
Then, section 4 provides some numerical results on finite sample speed of
convergence with Monte Carlo simulations.

1 The Model

The starting point of the analysis is a simple self-referential model. The name
self-referential, comes from the fact that there is a feedback from expectations
to actual outcomes of the endogenous variable. Keeping the model simple
this paper focuses on the expectations side.



Let the endogenous variable p to be the price level, and suppose it is
determined by the price level expected for the next period and on the nominal
money stock m. Here the money stock is exogeneous and follows an AR(1)
process.

P = AEpe+my (1)
my = th—1+5t )‘7&07 96[071)7 €NIID(OaO-§) (2)

Equation (1) and (2) together with the assumptions about the expectation
term completely determine the price level. This corresponds to a simple ver-
sion of the Cagan model of inflation (1956) [8]".

We will suppose there are two types of agents, one following least squares
learning (henceforth LS) and one having rational expectation (henceforth
RE). Let us denote the expectation of least squares learners by EX° and the
expectation of the rational agents by ERE . Then the aggregate expectation
about the price level of next period E;p;;; is formed as an average of the
forecasts of the two types of agents:

Etpt+1 = thtLSPtH +(1— Wt)EtREptH w € [0, 1] (3)

Weights in the aggregate expectation -w;- will evolve over time depending on
the past forecasting performance of the two types of agents. Similar dynamic
expectation formation was found by Branch 2004 [5] in the Michigan Survey
of inflationary expectations. He finds evidence that agents switch predictor
use as the relative mean squared errors change. Agents’ predictor choices
respond negatively to increases in relative mean square error.

Our weighting algorithm follows similar pattern: if the forecasting error
of LS is smaller than that of RE, agents put more weight on LS. On average
the weight on LS w counts how many times the forecasts of LS were better
than the forecasts of RE: w is the average of an indicator function 7% which
takes the value 1 whenever the LS forecast was closer to the actual outcome
than the RE forecast, 0 when RE is better. The mathematical interpretation
in the limit is clear-cut: w gives the probability that forecasts of LS are better

"The basic model of asset pricing under risk neutrality takes the same form, with p;

interpreted as the price of stock, m; as its dividend. A = —— is the one period discount

1+4+r
factor, r the rate of return on the riskless asset.



than forecasts of RE.

Yo 4k

so= TR ReR
LS — 1 if |EEp —pi| < |EfSps — ps
' 0 else

Given EFSp; and Ef*fp,. Or equivalently in a recursive formulation®:

Wy = wp_1 + (Ifiﬁs — wt—l) (4)

t+k
In our simulations we set the first period weight on LS to 1, i.e. the whole
population is assumed to follow least squares learning. Then in subsequent
periods if the forecast of RE is better, the weight on LS decreases. We smooth
initial fluctuations of w, which can be easily done by setting k£ to be a big
number.

The novelty in this approach is that there is a dynamic predictor selec-
tion. Heterogeneity is not exogenously fixed but evolves over time based on
the performance of the least squares learner and the rational agent.

One way to think about this model is that aggregate expectations are
formed by a representative agent, who does not have any sophisticated model
at hand to form his expectations. He simply observes the forecasts of two
agents, and weights them according to how good they forecasted in the past.
Agents for example could simply read the official inflation forecasts of the
central bank and of the ministry of finance, and then decide which to believe
more. If the ministry notoriously underestimated inflation compared to the
central bank, clearly agents will believe in its new forecast less.

An other way to interpret this model is as a heterogeneous agents model,
where the type that is more successful in his forecasts will be more dominant
in the economy. An example for this could be a population of firms using a
pricing algorithm. If one pricing algorithm performs worse than the other,
more and more firms will switch to the other one.

8Note that the weighting algorithm would be the same if we used squared forecasting
. 2 2
error: IiLS =1if (EtL_Slpt — pt) < (EtR_prt —pt) .



1.1 Least Squares Learning

We consider two learning algorithms to model the first type of agents. One
simply takes averages of past inflation, the other observes the money sup-
ply, m and runs a regression in the correct Minimum State Variable (MSV)
specification. We will examine how our results change depending on the
specification of the learning algorithm.

The first learning algorithm observes only past price levels, thus the best
he can do is to run regression on a constant (henceforth LS}).

LSy _ _ X
LS, Eptl =a ap = ==

Or in a recursive formulation

1
ay = ag—1 + ;(pt—l —aiq) (5)

The second learning algorithm is 'more clever’, also observes the money
supply m and runs regression in the MSV form (henceforth LSs). Note that

MSV solution of (1) (2) is Eper1 = 75, mu.

t—1
LS, Etpfff = Bimy By = %
So LSy hypothesizes that the price level is leaded by last period‘s money
supply. He runs a regression of price on lagged money supply, and then makes
his forecast of next period‘s price level with his latest estimated coefficient
and the current period‘s money supply. The recursive formulation of the
regression coefficient is

1 1

By = Pi-1+ t——lmmtiz (pt—1 — Mi—20t—1) (6a)

1
R, = R+ " (mi_, — Ri_1) (6b)

where R; is the moment matrix”.

t
IR, = Zimmm



1.2 Rational Expert

Our next modelling choice concerns the second type of agents, the rational
experts. Again we consider two specifications. Both know the model with its
parameters, the stochastic process of m and observe the LS forecasts. The
difference is that one of them observes the evolution of the weights while the
other does not.

The first expert, RFE; has a misperception and thinks the the whole pop-
ulation follows least squares learning. Since for the simulations we set the
initial weight on LS to 1, RFE; is rational in the first period, we could say
he is ’one-step rational’. In the subsequent periods RFE; does not observe
changes in the weights and will get further away from rationality. Still, in
the initial periods he will be close to rationality since weights on LS are not
let to decrease quickly.

In every period he forms his expectations by using £*° in (1) and using
the stochastic process of m, (2) (further details follow):

RE,  E[f"p, 1 = EFp o+ omy

The second expert RFE, always observes the weights. At time ¢ he can
calculate the true conditional expectation of pyy; (further details follow later)
conditional on his information set.

RE, EtREQPtJrl = E[pt+1|Qt] O = {EtLS;wt;mt; A Q}

RFE; can be interpreted as an agent who investigated a lot in discover-
ing the true parameters of the economy but considers himself too small to
influence expectations. One could hypothesize for example that a forecast-
ing agency must have the capacity to investigate thoroughly the underlying
economy, but does not believe or does not know exactly how his forecasts
are influencing aggregate expectations, to what extent agents ”"believe” his
forecast. RE5 on the other hand believes his forecasts are followed by agents,
think for example of the central bank. Furthermore RFE, can even investigate
the ’credibility’ of his forecasts and use it to improve his future forecasts.

Summing it up, our model consists of the underlying economy, equations
(1) and (2) and the aggregate inflationary expectation, equation (3). This
latter in turn is based on the forecasts of two types of agents: least squares
learners and rational agents weighted according to their average past perfor-
mance, equation (4). We will examine convergence properties conditional on



how sophisticated are these forecasts: whether the rational agent observes
the weight on the two types of agents or not, and the least squares learner has
correctly specified regression (6) or misspecified regression (5). We examine
whether the introduction of a well informed expert implies some different
model behavior compared to the standard least squares learning case. Does
it converge to a different equilibrium? What are the equilibrium weights on
least squares learners and rational agents? Is its rate of convergence different
from that of LS learning?

2 Equilibrium under Least Squares Learning
with Rational Experts

In this section we examine convergence of our economy. As a benchmark we
compare convergence of LS| and LS;. Then adding rational agents there are
several interesting questions to be examined. Firstly, in our paper weights on
the two types of agents evolve over time. Establishing convergence results for
the weights answers whether least squares learning ’survives’ in the presence
of rational agents. Further, we examine whether the presence of rational
agents modifies the equilibrium and the conditions of convergence. We also
examine how different specifications for the rational agents affect our results.

2.1 Benchmark: Convergence Under Least Squares Learn-
ing

The two learning algorithms can potentially learn very different equilibria
depending on their specification. LS is not conditioning on the state variable
m, so the equilibrium he can achieve is a restricted perceptions equilibrium.
Since LS, is only taking averages of past inflation , the best he can achieve
is to find the true unconditional expectation of the price level. LS5 on the
other hand is running a regression in the MSV form thus has a ’chance’ to
learn the MSV rational expectations equilibrium.

When the economy is populated by LS, learners, the aggregate expec-
tation in (1) is given by their Percived Law of Motion (henceforth PLM),
Etptﬂ = EtLSthH = Bym,. Using this we can obtain the Actual Law of
Motion of the price level (henceforth ALM):

pe = (ABr + 1)(omy—1 +&¢)
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Heuristically an equilibrium 3 is one where agents perceptions about the
future price level become justified by the actual outcome, i.e. the possible
resting point of (3 is the fixed point of a mapping from the PLM to the ALM.
It can be easily shown that (3, converges to the rational expectations solution
By = 1%, (henceforth BRE) given Ao < 0. (See Appendix) Further, the
equilibrium is the MSV rational expectations equilibrium p; = lf—é’/\gmt.

When the economy is populated with LS; agents aggregate expectations
are given by their PLM EX*'p, ; = a,. Using this expectation in (1) gives
the ALM

P = Aa + my

In the appendix we show that a; converges to ay = 0 if A < 1. Thus, the
equilibrium is p; = my, which is different from the case of LS5.

We have seen that the equilibrium is intrinsically different depending on
the learning algorithm agents follow. When agents condition on m, under
the economy converges to the MSV rational expectations equilibrium, given
Ao < 1. When agents only take averages of past inflation, the equilibrium
will be a so called restricted perceptions equilibrium, given A < 1. When
the conditions Ap < 1 or A < 1 respectively do not hold learning does not
converge and the economy does not settle down in an equilibrium.

2.2 Least Squares Learning in the MSV form -L55- in
the Presence of a Rational Expert

Let us first examine the case when LS learning is specified in the MSV form.
In the previous section we have shown that under certain parameter values
learning converges to the MSV rational equilibrium. This section examines
whether LS, survives in the presence of a rational agent and whether con-
ditions for convergence are modified by the presence of an expert, RE; and
RFE5 in turn.

Let us first consider a population with LS, and RE; agents. Recall that
this expert is ’one-step rational’, he knows initially all agents follow L.S,,
knows the underlying economy so at the beginning is indeed able to calcu-
late rational expectations. However he does not observe further evolution
of the weights and mistakenly thinks the whole population continues doing
learning. It follows from the self referential nature of the model that there is
an interesting feedback from the rational agent’s forecast to his forecasting
performance. If RE; has more accurate forecasts he will be more credible,
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will have a higher weight. On the other hand through the higher weight he
will have a higher influence on aggregate expectations, which effect he is not
considering in forming his expectations. Thus, his higher weight in turn will
worsen his forecasting performance. His equilibrium weight will be a fixed
point where these two opposite effects cancel each other.

Expert RE; forms his expectations using his knowledge about the under-
lying economy equations (1)-(2) and the forecast of the least squares learner.
His PLM is: p; = AEprf, + my = (A8 + 1)my. Then with his knowledge
about m following AR(1) process he makes his next period‘s forecast!? as

Epit = E(AB + Dmyn] = (A + 1)pmy (7)

Next consider expert RFEs who has a better information set than the
previous one, observes the weights denoted to him and the least squares
learner. One can find his forecasting function with guess and verify!!. In
general the guess should be p; = a(w;)EFpiyy + b(w)my. When the LS
expectations are in the form E%p, , = Bym, it is equivalent to guess p, =
b(w;)m'2. Tt can be easily verified that RFEy’s Perceived Law of Motion and
forecast for the next period is 3:

1+ )\wtﬁt
= PLM of RE.
Dt - o (1 _Wt)mt of RE, (8)
1 + )\wtﬁt
ERE2 _
P RS T " no (1 wt)mt (9)

For the equilibrium with the two specifications we have to determine the Ac-
tual Law of Motion of the economy. For this one has to use the expectations
EF2p, .1 and (8) or (7) respectively and the underlying economy (1)-(3).

0Notice that for simplicity we suppose the rational agent observes the forecast of the
learner but does not consider the updating algorithm of 8. In other words the rational
agent is myopic, thinks that the estimated § of LS will remain unchanged from now on.
From the construction of RFE; it follows that he also considers w = 1 to be unchanged.

1The same method is used, with the same guess in Nunes 2004, where he models
learning with rational expectations in a New Keynesian framework, with fixed weights.

12Footnote 10 applies here too: for simplicity we suppose the rational agent is myopic,
thinks that the estimated 8 and w of LS will remain unchanged from now on. Since RFs
observes the weights he can calculate p; and the current forecasting error of LS. Then
using (6) in principle he could calculate how [ will be updated next period. This would
lead to a complicated solution for the rational expectation. Since solving this is not in the
focus of the paper, we apply the simplifying assumption that rational agents are myopic.

1BOr equivalently the PLM of RE, is p, = %Efspﬂ_l + mmt
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It can be easily shown that for the economy with LSy and RFE; The
Actual Law of Motion for the price level is

pr = [MwiB + (1 —w))(ABe +1)0) + 1] my

The ALM for the population with LSy and REs is identical to the PLM
of this expert: equation (8). This is not of a surprise, since RE; knows
everything to calculate the current price level, in this sense he is fully rational.

Notice that event though RFE, can calculate the current price level, the
next periods price level contains a shock e that he does not foresee. Further
as we mentioned in the footnotes of this section experts do not consider the
updating algorithm of # and w, so they cannot calculate the true conditional
expectation of next periods p as a truly fully rational agent would do.

In equilibrium agents perceptions should become true, i.e. the equilib-
rium is a fixed point of a mapping from the PLM to the ALM. Since agents
are forecasting next periods price level we have to compare their PLM for
one period ahead and the ALM of p next period as a function of current
variables'?.

Proposition 1. Let the economy (1)-(4) be populated with two types of agents
LSy and RE\. [B,w:] converge to 37 1] if X € (—%, %), where BRF = v
s the 3 corresponding to the rational expectations equilibrium.

Proposition 2. Let the economy (1)-(4) be populated with two types of agents
LSy and REs. [By,w] converge to [B7F 1] if X < Zl>’ where fRE = 5 i the
B corresponding to the rational expectations equilibrium.

Proof. See the Appendix. m

The above propositions state a surprising result: even though LS5 has
much less information than a rational agent he will not die out. Moreover
in the long run LS5 will have the same weight as a rational agent. Recall
that the equilibrium weight corresponds to the probability that the forecast
of LS is closer to the actual outcome than the forecasts of RE. This means
that least squares learning in the MSV form not only survives competition
with a rational agent, but in the limit it has a 50% chance to have a better
forecast than the rational agent.!®

1For details see the Appendix.
15Simulations with perturbing the initial weights confirm that equilibrium weights do
not depend on the initial weights.
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An intuition can be gained by the following simple example. For the sake
of easier algebra let us take the expert to be RE; and choose a positive A. For
easier exposition we drop the time subsript and use the following notation:
o(1+A3) = 8% and [Ao(wf+ (1 —w)AF+1)g) + o] = FALM. Then
the forecast of RE; for piyq is B%F m, and the ALM of pipq = BAMm, +
1 ﬁALM hin.
0 t+1

Let us consider first an economy without shocks. Then is is easy to
show that out of equilibrium, when 3 # 1_—9/\9 forecasts of RE; would always
perform better forecasts than LS. Mathematically, for § < 1_—"/\9 we have
B < pRE < BALM and for 3 > ﬁ we have 3 > pRF1 > pALM Qo gREL jg
always closer to B4XM then 37%2. In such an economy LS, would die out.

With shocks, even if %1 is always closer to BALM then 7%, a large
enough € might push the price level closer to the forecast of LSy. As 3 gets
closer to the rational equilibrium, the forecasts of the learner and the expert
also get closer to each other and even a smaller shock might make the LS,
forecast better. In other words the learner has higher and higher probability
to forecast better than the expert as the economy converges closer and closer
to the equilibrium. In the limit the expectations of the learner and the
expert are negligibly close to each other and will have the same probability
to perform better than the other!®

The above propositions also state a striking difference between an econ-
omy with RF; and RFE5: compared to the benchmark with only LS, agents,
RE5 does not alter the condition for convergence while RE; does. There
is a range of coefficient values A\ < —% for which LS, converges without an
expert, but with expert RE; does not converge. In other words the presence

of a rational agent not having correct perceptions might introduce instability.

2.3 Least Squares Learning About a Constant -LS:- in
the Presence of a Rational Expert

Now let us turn to LS} when least squares learners are running a misspecified
regression, with PLM EX*'p,.; = a,. Before we have shown that for A < 1
learning converges to 0, the true unconditional expectation of the price under
rational expectations. This section, similarly to the previous one, considers

16We implicitly assumed that the distribution of the shock around S4EM is not varying
in time. This is not true since in the ALM p;,1 = g‘}@M m:+ %ﬂﬁﬁMetH so € is multiplied

by a coefficient varying in time. However this does not change the intuition behind.
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convergence in the presence of an expert.

As before, the first expert RE; does not observe the weights, he is making
forecasts with the initial weight w = 1 and with the knowledge of m following
an AR(1) process. His forecast for the next period is:

EtRElptH = A\a; + omy (10)

Expectations of the second expert, RE5; can be solved with the same
guess as in the previous section. We guess p; = c(w;) EFpiq + d(wy)my,
which implies Ef®2p, ; = c(wy)ay + d(w)omy. Tt can be verified that ¢ =

Aw
—1—,\(1t—wt) and d = —1 pvIgE Thus
Aw 1
ERE =t 11
P = T T =)™ T T el =) 2™ (11)

To determine the Actual Law of Motion of the economy one has to use the
expectations of the learner, EX*'p,,; and of the expert, (8) or (7) respectively
and the underlying economy (1)-(3).

The Actual Law of Motion with expert RFE; is:

pe=(Awe + X (1 —w)) ag + (Ao (1 —wy) +1)my ALM with RE,

The Actual Law of Motion with the second expert is equal to the PLM
of RE2

/\Wt 1
_ ALM with RE
PN T T el —a) ™ VI

Proposition 3. Let the economy (1)-(4) be populated with two types of agents
LSy and RE;. |ai,w] converge to a unique fized point [0, wy], wy € (0,0.5] if
M+ A2(1—w) < 1.

Proposition 4. Let the economy (1)-(4) be populated with two types of agents
LSy and RE;. (B, wy] converge to a unique fized point [0, wy], wy € (0,0.5] if
A< 1.

Lemma 1. wf < 0 with LS, and RE;.Also wf < 0 with LS; and RE,.

Proof. See the Appendix. m
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The most surprising result in these theorems is that least squares learning
LS, does not 'dye out’ in the presence of a rational expert. In other words
the weight on LS does not collapse to 0.

This means that learning survives forecasting competition with a rational
agent even if it has a misspecified form. LS eventually learns the true
unconditional expectation of p under rational expectations and with positive
probability its forecasts are closer to the actual outcome than forecasts of
the rational agent!'”. Notice also that the equilibrium weight on LS; is never
bigger than the equilibrium weight on the expert, the misspecified learning
algorithm naturally performs worse than a rational agent!®.

Lemma (1) states an interesting result, that we did not have with learning
in the MSV form. The equilibrium weights depend on the persistence of
autoregressive process. The higher is o the smaller is the weight on LS.
The intuition behind is simple: the more persistent is m, the longer time it
takes for a shock on m to die out, and the bigger mistake it is not using data
on m. So, a more persistent stochastic process for m makes the forecasts of
LS, become worse compared to RE who conditions on m. When o = 0, m
is a random noise so conditioning on it does not help forecasting more then
just taking averages of p: the weights of LS will be equal to the weights of
the rational expert!.

In equilibrium LS, learns the same restricted perceptions equilibrium as
without the presence of a rational agent: ay = 0. However, because hetero-
geneity is always an equilibrium outcome (given conditions for convergence
hold) the equilibrium itself is different with an expert than without an expert.

The ALM under LS; and RE; is: p, = (Ao(1 — wy) + 1)m,. Under LS;
and RF, the equilibrium is: p, = Mmt.Thus the equilibrium also
depends on the specification of the rational expert.

Notice also that the form of equilibrium depends on the equilibrium
weight. Interestingly, with an under-parametrized learning, LS; we can still
get close to the MSV rational expectation solution when a correctly specified

1"This would not be the case for an agent forecasting simply a constant. In this case its
weight would converge to 0 unless its forecast is sufficiently close to 0.

18For LS, finding the exact value of equilibrium weight cannot be done analytically. In
this case finding wy is a complicated fixed point problem of a function inside the normal
cumulative distribution function. (See Appendix.) Since the latter does not have a closed
form solution we cannot give exact analytical results. However it is easy to get numerical
solutions.

Yws = 0.5 if o = 0 follows directly from the Appendix.
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expert, RFs, is present in the economy. With RFE5; when p is sufficiently
high so that wy is close to zero, the equilibrium will be close to the rational
equilibrium. In other words, when the persistence of m is very high, LS
forecasters will perform so badly that experts will dominate the equilibrium.
When the expert is correctly specified, RFE,, the economy can get close to
the MSV rational expectation solution. On the other when the expert has a
misspecified model, RE;, and learning has an under-parametrized regression
the equilibrium will be different from the MSV solution.

Finally, a result similar to the previous section is that a rational agent
with a misspecified model might introduce instability. The presence of RE;
again decreases the parameter set for which convergence to the equilibrium
applies. Convergence of LS; with or without RFE, has the same condition.

3 Speed of Convergence of Least Squares Learn-
ing in the Presence of a Rational Expert

The previous section showed that the presence of a rational agent does not
alter where least squares learning converges, as long as conditions for con-
vergence are satisfied. LSy converges to the MSV rational expectations so-
lution, while LS, converges to a Restricted Perceptions Equilibrium, learns
the true unconditional expectation of the price level in the rational equilib-
rium. Throughout this section we will suppose convergence is not an issue:
we set A € (0,1) thus conditions for convergence are always met. We will
examine whether the presence of a rational agent can speed up convergence
of least squares learning. We derive analytical speed of convergence results,
then in the next section we provide finite sample rate of convergence results
by Monte Carlo simulations.

Our main motivation for examining speed of convergence is that least
squares learning can converge very slowly (see Marcet and Sargent 1995 [20]).
We are interested in how the presence of a rational agent can speed up
convergence to the equilibrium; and how important is the information set of
the rational agent.

Slow convergence can indeed be a problem for several reasons. When
learning converges slowly, expectations will be out of the rational equilib-
rium most of the time. Then making decisions assuming rational expecta-
tions would be erroneous even if learning had been present for a long time
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and we know that in the long run it converges to the rational expectations
equilibrium. Slow convergence also implies that the asymptotic distribution
for test statistics can be very different when agents follow LS learning com-
pared to when agents have rational expectations. When speed of convergence
to rational expectations is very slow, the confidence intervals will be larger
than the confidence intervals from classical econometrics. This means that
an econometrician who derives confidence intervals assuming agents follow
LS learning will reject the null hypothesis less frequently, than an econo-
metrician who derives asymptotic distribution for test statistics supposing
rational expectations.

We examine speed of convergence applying the theorem of Benveniste, Méivier
and Priouret 1990 [4] (theorem 3, page 110).

Let 6, be the vector of parameter estimates, X; the state vector, and 7, the
deterministic sequence of gains. The function Q expresses the way in which
the estimates of § are updated from period t — 1 to ¢t. In our case y; = %
With LS; 0, = [a;, w;, Ry] and with LSy 0; = [f;,w;, Ry]. The state vector
is X; = [my_o2,6,-1]. Q is the updating term in the recursive formulation in
equations 6 (5),(6),(4) respectively.

From the recursive formulation

O = 01 + 7 Q(t, 0,1, X3)
define
h(0) = E[Q(0, X3)]

for fixed 6. Let ; be such that h(f;) = 0. The theorem of Benveniste et al.
concludes that if the Jacobian of h(f) evaluated at 6, has all eigenvalues less
1

than —3 in real part then

56, —6;) © N(0,P)
where the matrix P satisfies
1 1 '
{ihg(ef)] P+ P |:§h9(0f):| + FEQ(6,X,)Q(0,X;) =0

Thus if the above conditions are met we have root ¢ convergence to 6. Also,
for higher eigenvalues of the Jacobian convergence is slower in the sense that
the asymptotic variance-covariance is higher. So even when there is root-t
convergence, higher eigenvalues of hy(6;) imply slower convergence.

18



3.1 Benchmark: if there is only least squares learning

To understand better the theorem of Benveniste et al. and also as a point of
comparison, let us first examine speed of convergence under LS;. From the
recursive formulation for the coefficients, equation (6), it is easy to show:

h(ﬂ ) _ { #Min[(AF + 1o~ ] }
R M, — R

Where E[my_omy o] = ‘732 = M,,. The Jacobian of h(#) is

1-p

ono) [ EMpm(ho—1) TEMu[(A3+1)o— ] ]
o0 0 —1

We have to evaluate this at the fixed point [3 R] = [3%F M,,]. The two
eigenvalues are: -1 and Ao — 1. For v/t convergence these have to be smaller
than —3, so under LS, we need Ap < 5. 2

Similar calculations for LS; yield: for v/t convergence under LS; we need
A< 3

One immediate difference between LS5 and LS5 is that the persistence of
the autoregressive process influences speed of convergence in the latter but
not in the former. When least squares learning does not condition on m the
stochastic properties of m will have no effect on how quickly learning gets to
the equilibrium. On the other hand when least squares learning conditions on
m the more persistent is m the less information can be gained from variations
in m (the PLM will be closer to the ALM) and the slower learning will find
the equilibrium.

3.2 Speed of convergence of learning in MSV form, LS

This section examines whether the present of a rational expert increases
speed of convergence of least squares learning in the MSV form. Above we
derived, for root-t convergence of LSy A\p < % has to hold, if the presence of
an expert speeds up convergence root-t convergence has to apply for a wider
range of coefficients.

Proposition 5. Let the economy (1)-(4) be populated with two types of agents
LSy and RE,. Then LSy has \/t convergence if Ao < %

20For further discussion see Marcet et al. [20].
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Proposition 6. Let the economy (1)-(4) be populated with two types of agents
LSy and REy. Then LSy has v/t convergence if %)\Q + %)\292 < %

Proof. See the Appendix. n

Corollary 1. Speed of convergence of least squares learning in the MSV form
is decreasing in 0. This is also true in the presence of a rational agent - either

REl or RE2

The importance of these propositions is that the presence of a rational
agent v/t convergence applies for a wider range of coefficients when least
squares learners have access to the forecast of a well informed expert. More-
over v/t convergence applies to a wider set of coefficients when the rational
expert has a better information set.

The corollary states a finding also derived by Marcet et. al [20] for LS,
and found by Timmerman 1996 [30] the more persistent is the stochastic
process the slower least squares learning will converge to the true parameters.

3.3 Speed of convergence for learning about a constant
-LS1- in the presence of a rational expert

This chapter derives conditions of root-t convergence for LS] in the presence
of a rational expert. Recall that without an expert the condition for v/t
convergence is A < 1. Without a rational expert the nature of the stochastic
process of m does not alter speed of convergence, since LS is not conditioning
on m.

Proposition 7. Let the economy (1)-(4) be populated with two types of agents
LS, and REy. Then LS has \/t convergence if A\(1 + wyr) < 1.

Proposition 8. Let the economy (1)-(4) be populated with two types of agents
LS, and RE,. Then LSy has \/t convergence if Awr 4+ A1 —wy) < %

Lemma 2. Least squares learning about a constant, LSy, in the presence of
a rational agent has higher speed of convergence when o is higher.

Proof. See the Appendix. n

Results of Proposition 7 and 8 are parallel to results for LS5. The presence
of a rational agent increases speed of convergence. Also the better the rational
agent’s information set the more it increases speed of convergence of LS.
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The effect of p, the persistence of the autoregressive process, now has
an opposite effect as in the case of LS;. Lemma 2 shows that speed of
convergence is now increasing in g, while with LS, a higher persistence of m
caused slower rate of convergence.

The intuition behind this result is simple. Recall, that when the economy
is populated with LS; agents, its speed of convergence does not depend on
the autoregressive parameter of m, since this agent does not condition its
forecast on m. However, in the presence of a rational agent the equilibrium
weight of LS; does depend on p (Lemma 1) and this in turn effects speed of
convergence.

The more persistent the money process is the bigger mistake is not con-
ditioning on it: a higher o leads to a lower equilibrium weight on LS;. A
lower weight in turn means that the forecasts of LS; influence less the ac-
tual outcome. The actual price level is mainly determined by expectations
of the rational agent who conditions on m, thus the least squares learner will
discover he is ’doing the wrong thing’ sooner. In other words his Perceived
Law of Motion will be very different from the Actual Law of Motion and this
leads to a higher speed of convergence.

Analytical results of this section show that the presence of a rational agent
does increase speed of convergence of least squares learning. This finding is
independent of the learning algorithm, both LS} and LS5 converges faster.
The better the information set of the rational agent the more its presence
speeds up convergence of learning.

Learning in the MSV form has slower speed of convergence the more
persistent the autoregressive process m is. This finding is parallel to the
findings of Marcet and Sargent [20] and Timmermann 1996 [30]. Marcet
and Sargent [20] derived analytical speed of convergence results for the same
model withLS5. Timmermann examined a stock pricing equation with learn-
ing where the exogenous process was an autoregressive dividend process. By
simulations he found that a more persistent dividend process results slower
convergence of learning.

Our results show that this result is only true if learning conditions on
the exogenous process. When learning does not condition on m its speed
of convergence does not depend on the persistence of m. Moreover with
endogenous weights in the presence of a rational agent a misspecified learning
algorithm can even converge faster with a more persistent m.
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4 Simulations

In this section we provide some numerical results on finite sample rate of
convergence with Monte Carlo simulations.

Following the methodology of Marcet and Sargent 1995 [20] the Monte
Carlo simulations are based on the assumption that there is a ¢ for which

(6 —8) O F (12)

for some non-degenerate well-defined distribution F' with mean zero and vari-
ance 0%. Then t°(8; — 3;) — 0 for 6 < § and we will call § the rate of
convergence of [3;.

Intuitively, the faster 3; is converging to (3, the higher #° has to be to
ensure that the product on the left hand side of 12 converges to a proper
distribution.

Equation 12 implies that E[t°(3, — 3f)]?> — 0% as t — oo. Therefore

)
E[(t) (5 — 57

which implies that

(EB: — Br)?
E(Bu — Bf)?

This justifies using

— k¥ as t — o0

P {E@—W}T”

~log(k) % | E(Bu — By)?

for large t in finite samples, as an approximation for the rate of convergence.

Given t and k the expectations involved can be approximated by Monte
Carlo integration: calculating a large number of independent realizations of
length ¢t and tk and calculating the mean square difference from j;.

For the simulations we calculated the rates of convergence with 1000
independent realizations. For initial conditions we set the least squares /3
and R equal to their limiting point Gy = (¢ (or a = ayf), Ry = ﬁ. The
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initial weight on the least squares learner was set equal to 1, k in equation
4 was set equal to 0.9. Several seeds of the random number generator were
tried, rates of convergence were maximum 0.03 from each other for the long
sample, and 0.06 in the short sample.

In Table 1 analytical results on speed of convergence are summarized. The
first row indicates conditions for v/t convergence. Since in the simulations we
use ¢ = 0.9 in the second line of Table 1 we summarize the cutoff values of
A for root-t convergence with varrho = 0.9. For example when the economy
is populated with LSy and RE5 agents and o = 0.9 A\ has to be smaller than
0.74 for root-t convergence.

Table 1: Conditions for v/t convergence

LS, LS, + REq LS1 + RE> LS> LS> + RE; LS + RE2
2 2
Vicony | A<05 | Aw+A2(1-w)<1 | A1-w)<1 | Ae<05 | 222 <05 Ao < 2
0=10.9 0.5 0.67 0.8 0.55 0.61 0.74
Table 2: Speed of convergence of Is learning in the MSV form (in
short and long sample) o = 0.9
LS With RE; With RE;

A t=200 to 800 t=2000 to 10,000 t=200 to 800 t=2000 to 10,000 t=200 to 800 t=2000 to 10,000
0.1000 |  0.5623 0.5130 0.5614 05116 0.5614 05115
0.1450 |  0.5635 0.5152 0.5627 0.5126 0.5627 0.5125
0.1900 |  0.5638 0.5184 0.5640 0.5139 0.5641 0.5137
02350 |  0.5621 0.5223 0.5650 0.5157 0.5652 0.5151
0.2800 |  0.5574 0.5265 0.5656 0.5179 0.5661 0.5170
03250 |  0.5488 0.5296 0.5654 0.5206 0.5665 0.5190
0.3700 |  0.5354 0.5299 0.5637 0.5236 0.5659 0.5211
04150 |  0.5171 0.5252 0.5601 0.5263 0.5642 0.5232
0.4600 |  0.4941 0.5138 0.5536 0.5284 0.5611 0.5245
0.5050 |  0.4670 0.4954 0.5435 0.5283 0.5563 0.5248
0.5556 |  0.4328 0.4669 0.5273 0.5233 0.5477 0.5227
0.6400 |  0.3701 0.4066 0.4871 0.4990 0.5253 0.5095
0.6850 |  0.3350 0.3704 0.4580 0.4761 0.5084 0.4939
0.7300 |  0.2995 0.3328 0.4238 0.4472 0.4886 0.4720
0.7750 |  0.2637 0.2943 0.3862 0.4126 0.4635 0.4438
0.8200 |  0.2278 0.2553 0.3436 0.3728 0.4334 0.4082
0.8650 |  0.1920 0.2159 0.2966 0.3257 0.3972 0.3673
0.9100 |  0.1563 0.1764 0.2481 0.2695 0.3615 0.3215
0.9950 |  0.0891 0.1016 0.1453 0.1627 0.2409 0.2217

Tables 2 and 3 summarize simulation results for least squares learning in
the MSV form, LS5 and least squares learning about a constant LS;. The
estimated &s are presented, for v/t convergence these have to be higher than

0.5.

23




Table 3: Speed of convergence of ls learning about a constant (in
short and long sample) o = 0.9

LSt With RE; With RE>
A t=200 to 800 | t=2000 to 10,000 | =200 to 800 | t=2000 to 10,000 t=200 to 800 t=2000 to 10,000

0.1000 0.4661 0.5023 0.4714 0.5043 0.4718 0.5045
0.1450 0.4610 0.5004 0.4699 0.5039 0.4706 0.5042

0.1900 0.4546 0.4978 0.4679 0.5033 0.4693 0.5038
0.2350 0.4467 0.4942 0.4654 0.5025 0.4677 0.5034
0.2800 0.4370 0.4892 0.4621 0.5014 0.4658 0.5028
0.3250 0.4254 0.4823 0.4579 0.4998 0.4635 0.5022
0.3700 0.4116 0.4728 0.4527 0.4977 0.4608 0.5012
0.4150 0.3955 0.4601 0.4459 0.4948 0.4575 0.5001
0.4600 0.3769 0.4436 0.4373 0.4905 0.4535 0.4986
0.5050 0.3557 0.4229 0.4265 0.4844 0.4483 0.4966
0.5556 0.3288 0.3943 0.4110 0.4740 0.4414 0.4935
0.6400 0.2769 0.3350 0.3743 0.4435 0.4241 0.4841
0.6850 0.2459 0.2985 0.3476 0.4173 0.4111 0.4754
0.7300 0.2128 0.2594 0.3151 0.3823 0.3934 0.4619
0.7750 0.1778 0.2184 0.2763 0.3378 0.3688 0.4408
0.8200 0.1412 0.1760 0.2306 0.2840 0.3355 0.4071
0.8650 0.1032 0.1327 0.1779 0.2220 0.2894 0.3549
0.9100 0.0639 0.0888 0.1184 0.1530 0.2224 0.2749
0.9950 -0.0128 0.0047 -0.0113 0.0086 -0.0016 0.0195

The simulations in general coincide with the analytical results. Rate
of convergence of least squares learning is higher with expert advice. Also
convergence is faster the better is the information set of the rational agent.
Simulations also show that a rational agent speeds up convergence more when
learning is misspecified compared to when learning is correctly specified.

From the simulation results one can observe that convergence is very low
for high values of A. This confirms the theorem of Benveniste, Méivier and
Priouret 1990 [4], the higher the eigenvalues of hy(6y) the slower is the rate
of convergence. Also rate of convergence can be slower than %, when the
conditions in the Benveniste et al. theorem do not hold.
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Conclusion

Modelling expectations remains a controversy: rational expectations is criti-
cized for acquiring too much knowledge from agents, adaptive learning which
is an alternative is criticized for being ad hoc and for having slow convergence
to the rational equilibrium.

Admittedly, the choice of a learning algorithm is necessarily ad hoc. How-
ever, our paper shows that if agents forecast with a learning algorithm and
have access to forecasts of a rational agent, they will not rush to abandon
their ad hoc learning rule. For this, we developed a self-referential model with
two types of agents, learners and rationals, where weights on them evolved
according to their past forecasting performance.

Our paper showed, that the coexistence of learners and rationals can
be rationalized in an equilibrium framework. Surprisingly, learning survives
forecasting competition with a rational agent even if it is misspecified.

Our results coincide with recent surveys of inflation expectations, which
find that expectations are well represented as being a weighted average of
forward-looking and backward-looking expectations.

We believe our results strengthen the case for modelling expectations as
a mixture of adaptive and forward looking expectations. Especially, since it
is well documented that modelling expectations this way improves empirical
performance of standard models.

Our second main result is that the presence of a rational agent ’helps’
learning algorithms to converge faster. The more rationality the rational
agent possesses the bigger is the set of coefficients for v/t convergence. This
result is also confirmed by finite sample by simulations.

This result might further strengthen the case for using learning models
enriched with rational agents to model expectations, since criticisms against
learning for its slow convergence might be weakened.

An other way to think about our results is that we show how the presence
of a rational expert, for example a central bank, might influence an economy
where agents try to form their expectations with past data, behaving as
econometricians. A practical example might be an economy with learners
and a central bank having rational expectations. If the central bank would
hesitate between making its forecasts public or not, our paper suggests the
answer is not straightforward.

An economy with rational experts and learners performs better than an
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economy with only least squares learners, in the sense that learners are con-
verging faster to the equilibrium. Since agents will be out of equilibrium for
a shorter time, welfare costs of departing from the equilibrium are reduced.

However, we have seen that the presence of a rational agent might even
introduce instability to the system when the rational agent uses a misspecified
model. In this sense making the forecasts of the rational expert accessible
for learners might even worsen the situation.

Our advice for a central bank considering making its forecasts public
or not would then be: yes, if they are sure they do not induce instability
of expectations. Making central bank forecasts public would help agents to
learn faster. However, if the central bank has a misspecified model, publishing
central bank forecasts might even make learning impossible.
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A Appendix

A.1 Convergence Proofs

Throughout our convergence proofs we build on technical results of stochastic
approximation. So first let us briefly describe this method. Let us consider the
following stochastic recursive algorithm (SRA)

O = 0r—1 + 7 Q(0r—1, Xy)

where 6; is a vector of parameter estimates, X; is the state vector, and v is a
deterministic sequence of gains. The function Q expresses the way in which the
estimates of # are updated from period t — 1 to t.

If Q@ and X, satisfies some technical assumptions (See Evans and Honkapohja
2001 Chapter 6 [12]2%)

the stochastic approximation approach associates an ordinary differential equa-
tion (ODE) with the SRA form

do
& = ho(m)

where h(0) is obtained as

h(o) = Jim £Q(6, X,(6)

for a fixed 6 provided this limit exists. 7 denotes "notional” or ”artificial” time.

According to the results established by stochastic approximation theory, if this
ODE has an equilibrium point?? 6 ¢ which is locally asymptotically stable?3, then
6y is a possible point of convergence of the algorithm. If 6; is not a locally stable
equilibrium point of the ODE, then 6 is not a possible point of convergence of
the SRA, i.e. Pr(f — 6;) =0.

Claim 1. Let 8; evolve according to (6) in the model (1)-(2). Then (¢ converges
to pRE = ﬁ given Ao < 1

Proof. Since the root of the autoregressive part of the process generating m lies
outside the unit circle we can use stochastic approximation. It can be easily verified

21Ljung’s Theorems 4 and 2. [17]

220, is an equilibrium point if h(0f) = 0

2304 is locally stable if all eigenvalues of the derivative matrix (Jacobian) Dh(6;) have
negative real parts.
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that h(0) is

ag 1
7 = pMml(A6+1)e —p (13)
dR

where M,, = % is the limiting variance of m. The fixed point is 0 = % Mn).
Which is a stable convergence point if Ao < 1.24 O

Claim 2. Let a; evolve according to (5) in the model (1)-(2). Then a; converges
to 0 given A < 1

Proof. Tt can be easily verified that h(0) is

% =Xa—a (15)
The fixed point is a = 0 which is stable if A < 1. O

Proof of Proposition 2 is omitted, it goes along the same lines as proof of propo-
sition 1.

Proof of Proposition 1

Proof. Both § and w and R evolve over time and we have to analyze their joint

dynamical system. We will use stochastic approximation.
Our model in SRA form:

1 1

Be = B+ ) 1mt72{[ AMwi—1 -1+ (1 —wi1)(ANBe—1 + 1)o] + 1 Jomy—o — Bemimy—o +
t_
Awi—18i—1 + (1 —wim1)(ABi—1 + 1) o] + 1]er—1 }

1
Ry = Ry 1+ 7 (m?,l - Rtfl)

1
Wi = Wt—1 —|— ; (]tI:Sl — wtfl)

24Tn the case of OLS it is sufficient to examine E-stability. Marcet and Sargent 1989
[19] proved that convergence of the learning scheme in this case is related to E-stability.

28



In our case 0y—1 = [Bi—1,wi—1, Ri—1]. v is % and X; = [my_o,61]?°.26 Us-
2
ing Elmy_omy_s] = iﬁ = M,, and E[my_se,—1] = 0 the associated system of
ordinary differential equations, % = h(6), is:

00 = LMuDe(wB + (1 - )M+ o) + o~ A (16)
OR
. (18)

Where E[I*5(0)] is a complicated function to be determined bellow. First let us

recall that a realization of IX° at time ¢ is
LS _ 1 if ‘Eﬁ%pt - pt‘ < }Eﬁﬁpt - pt‘
t 0 else

Where EthS1Pt = Br—1my—1, Eﬁ% = (MB—1+1)om_1, pr = [Nwi B+ (1 —wi)(ABs+
o] + om—1 + NwiBt + (1 — wr)(AB¢ + 1)o] + 1]er). Thus I is a function
IFS = I(6;,0,_1,my_1,e4). To use stochastic approximation we have to fix 6 and
evaluate limy_,o E(I(0,60,m¢_1,¢;)). Since I™ = 1 when the LS forecast was
better than the RE forecast, and 0 otherwise, the expected value of the function
I(-) gives us on average how many percentage of all cases the LS is expected to
be better than RE. In other words E(I(-)) gives what is the probability that LS
is better than RE.

tlim E(I1(0,0,mi_1,¢)) =
Jim Pr(|A(@)mi—1 — C(0)et| < |B(0)my—1 — C(0)et|)

Where A(f) = 5 — [AMwB+ (1 —w)(AB+1)g]+1]o, B(6) = (AG+1)o— [AwB+(1—
w)(AB+1)o]+1]o. C(0) = [Nwi—18i—1+ (1 —wi—1)(AB¢—1+1)o] +1]. For simplicity

In equation (16) and (18) the original tracking parameters are ; = 7 and y =
1
t

1
T+
It is easy to verify that rewriting them in the standard SRA form with v, = > results a
second-order complementary term which does not affect the associated ODE.

26The regularity conditions A1, A.2, A.3 are easy to verify (we use notation of Evans
and Honkapohja 2001 [12]). To verify assumption A.2. we have to restrict R;—; to be
bounded away from 0 thus the domain for 6, = (8;, Ri,w;) is (R,D = (Rp,00),[0,1])
where Ry, > ¢ > 0. This is a natural restriction since R; is the sample moment of
m. Assumption A.3. is satisfied since Q(6,x) is twice continuously differentiable with
bounded second derivatives. Assumptions B.1. and B.2. are satisfied since m is an AR(1)
process and ¢ is white noise.
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we will slightly abuse notation and do not denote explicitly the dependence of A, B
and C on 6.

We can simplify using Pr(|z| < |y|) = Pr(z? < y?). Then depending on how
we fixed 6 we can further simplify:

B? — A2
tlirgo Pr(C(B — A)ymi_1e¢ < Tm?_l) =
B+ A B+ A
lim { Pr(mi_1e: < i ———mi ,, B—A>0, C>0)+ Pr(mi_i15; < i —~m?,, B-A<0, C<0)
t—o0 2C 2C
B+ A B+ A
Pr(mi_1e; > %mil , B—A<0, C>0)+ Pr(mg_1e¢ > 2—2 m?_,, B—A>0 C<0)}

We have to distinguish 4 cases taking care of how the sign of B— A and C' changes
depending on how we fixed 6. Notice that B— A > 0if § < 1_—9/\@ = BREE 5o we
have B — A > 0 if we have fixed 8 bellow the one corresponding to the rational
expectations equilibrium.

Next we rewrite the problem as lim; oo E(Pri—1( - )). So we first take the
probability conditional on time ¢t — 1 for a given history of the state variables up to
t—1. The functional form of this probability will depend on whether the realization
of m;_1 is positive or negative. Next we take the unconditional expectation and
the limit.

First let us consider the cases for V 0s.t. B— A > 0,C > 0or B— A <
0,C < 0. Then conditional on the sign of the realization of mt 1 we can write.
hmtﬂooE{ (P?“t 1(5t < Tmt 1, M—1 > 0)—|—P7“t 1(5t > 20 mt 1, M1 <
0)) }—hmt_on{ [@.(BEAm1 , mu—1 > 0) + @ (—EEmy_1, my_1 <0)] } =
limy oo B ®. (514 o0 Alms_1|). Where ®, is the cumulative distribution function of
e, recall that ¢ follows normal distribution N(0,02). |m;_1| is the absolute value
of my_1. Taking the limit results: [ @.( B+A|m|)d¢>m, where ¢y, is the limiting
normal distribution of m 27

For V 0st. B— A< 0,C >0o0r B—A > 0,C < 0 similar derivation yield to
J (=B ml)d ..

Summarizing our calculations:

B+A
EIX5(0)) = {ffb |m| Yddm, V0 st. B—A>0,C>0o0r B— A<OC’<0<19)

[® B+Aym|)d¢>m, VOst. B—A<0,C0>00rB—-A>0,C<0

Next let us examine the equilibrium points of the system of differential equations

t 2
(16)-(18). From equation (17) the possible convergence point for R, = M is

Ry = M,,, which is the variance of the limiting distribution of m.

7o (BEA 41, _1|) is bounded and measurable thus we can interchange the limit and the
integral (Lebesgue s Dominated Convergence Theorem).
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Then from equation (16) the equilibrium § is the rational expectations equilibrium

M1 —w)o®+ o
1—wlo—(1—w)Ip
Al-wlet+le 0 (20)
(Al -wle+ 1)1 =Ao) 1-=2Xo
To find wy we need to calculate the fixed point of (19) using 8y = 5%;, Ry =
Py By By
M,,. For this notice that B | Ry - Al Ry = 0. Also B| Ry +
w w w
By By
Al Ry | =0,C| Ry | #0 thus
w w
_ 8 1
|1 Ry || = [ @0 don = (21)
i w
Our result is that the fixed point of w is wy = % Thus the equilibrium of the

system of differential equations (16)-(18) is

0 1
f [ﬁf? f)wf] |:1—AQ’ ms 2:|
where M, is the variance of the limiting distribution of m.
It remains to show that 6 is a locally stable equilibrium point of (16)-(18). For

this we have to find the eigenvalues of the derivative matrix (Jacobian) evaluated
at 6y, Dh(0)|0f. 6 is locally stable if all eigenvalues have negative real parts.

Mo dow + X202 (1 —w) — 1] =M oW+ (1 —w)A3+ 1)) +o— B 2m[XoB — A2 (AB+1)]

Dh(0) = 0 -1 0
©) oB[I"5(0)] 0 oB[IMS(O)] _
B ow

Evaluating Dh(6) at 6 gives

Aot + 22025 -1 0 0
_ 0 —1 0
Dh(0)ly, = DE[I-5(6) 0 QEIF@I| _4
k] 0 dw 0
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This is a lower triangular matrix so the eigenvalues are the diagonal elements. Let
OE[I"5(0)] ‘ 1
0,

us evaluate the third eigenvalue 50

Let us consider V 0 s.t. B(#) — A(f) > 0,C > 0 or B(#) — A(f) < 0,C < 0.
(For V 0 s.t. B(#) — A(f) > 0,C <0 or B(#) — A(#) < 0,C > 0 calculations go
similarly.) Then from (19)

JQE[I"5(0)] ILS / <B+A
Ow 2C 0,
8 B+ A B+ A
dém
3 mloe (P i) don
Where ¢, is the distribution function of £28. %% = 0 also A(0¢)+B(0f) =
!

0 and C(0¢) # 0. Thus

0 B+A B+ A
LEET T2

dw 20 2C =0

Oy

=0 = (0) do,,
, /<z><>¢

Aoy + X% -1 0 0

_ 0 -1 0
Dh(0)|9f - DE[ILS (9)) 0 -1

0y

The Jacobian at 0y is

8¢ is locally stable if all eigenvalues are negative. Clearly the last two eigenval-
ues are negative. The first one is negative if )\g% + 2 QQ% — 1 < 0. This condition

holds if X € (—%, %), where g € [0,1) by assumption.
O

Proof of Proposition 3 is omitted, it goes along the same lines as proof of propo-
sition 4.
Proof of Proposition 4

Proof. The proof goes similarly to proof of Proposition (1). We have to find the
fixed point of § = [a w]. The associated system of ordinary differential equations,

B+A

28We could interchange the derivative and the integral since F. (5

function R — R (thus measurable).

) is a continuous
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da Aw
- = 7 - 22
or 1—/\(1—w)a ¢ (22)
80(.) LS
— = E[I"(0)] - 23
00— B - w (23)
2 2 2, .2
Where E[IX5(0)] = limy o B{ (Pro_i(e; < g ammist 2ABML 9 ACq +
2.2 2,,2
2BCmy—1 < 0) + Pri_q1(er > Aa ;fcﬁg}ggﬁfim“l , 2ACa + 2BCmy;—1 > 0) }

: _ A _ _ 1
From (22) it is easy to see that the equilibrium a is ay = 0. Then using

0r = [ay wy] € [0 [0,1]] in (23) some algebra leads to

o= [ @ ( “2im| ) dm (24)

The uniqueness of 0y = [0 wy] follows from the fact that the left hand side of (24)
is independent of w. wy € (0,0.5] follows from (24) and p € [0,1).

6 = [0 wy] is a locally stable equilibrium point of (22)-(23) if the eigenvalues of the
derivative matrix (Jacobian) evaluated at 6y, Dh(@)]ef are negative in modulus.
The Jacobian at 0y is

% -1 0
Dh(0)],, = %f«on GBI @) g
a Gf w gf

This is a lower triangular matrix, the eigenvalues are the diagonal elements.
Through some lengthy but straightforward calculations it can be shown that

AE[TF3(0)] . . . .
25| < 0. Thus the second eigenvalue is negative. The first eigenvalue
is negative if A\ < 1. O

Proof of Lemma 1

Proof. Follows from equation (24). O
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A.2 Speed of convergence proofs
Proof of Proposition 6

Proof. Speed of convergence of LSy with RE;
In the proof of Proposition 1 we have already derived:
Aot + %%t -1 0 0
_ 0 -1 0
a3 0;

This is a lower triangular matrix, the eigenvalues are the diagonal elements.
Clearly the las two eigenvalues are smaller than —%. The first one is smaller than
—1if Ao+ 3A%0% < & O
Proof of Proposition 5

Proof. Speed of convergence of LS; with RFE,

A

221 0 o

— 0 -1 0

Dh(0)ly, = DE(ILS (9) .
& _

Oy
This is a lower triangular matrix, the eigenvalues are the diagonal elements.

For root-t convergence all eigenvalues have to be smaller than —%, which holds if
Ao < % O

Proof of Proposition 7

Proof. Speed of convergence of LS| with RFE,
Using derivations in the proof of Proposition 4:

%_1 0
Dh(O)lo, = |~ amure)|  omutSe)|
oa

0 Ow p,

with 2E2C < g,

This is a lower triangular matrix, the eigenvalues are the diagonal elements.
For root-t convergence the eigenvalues have to be smaller than —%, which holds if

)\(1 —I—(,Uf) <1
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Proof of Proposition 8

Proof. Speed of convergence of LS| with RF;

oh(6) Aop+ X (1 wp) —1 ;
oMo = oB[IYS(0) aEe))

with 2201 <,
f

Since this is a lower triangular matrix the eigenvalues are the diagonal elements.
Eigenvalues are smaller than 0.5 if Awy + A*(1 — wy) < 3. O

Proof of Lemma 2

Proof. In the case of LS; with RE, the proof follows from Proposition (7) and
Lemma 1.

In the case of LS; with RE, follows similarly from Proposition (8) and and Lemma
1 with the following calculations.

From Proposition (8) the condition for v/ convergence is Awg+A?(1 —wy) < %
For a given wy this is a quadratic equation in A with solutions A € (A, XA) where
ANERASA
We have to show %2 = %%Lgf > 0. B

Lemma 1 already showed aaigf < 0. It remains to show 887/\f < 0. This on the
—wf+\/w?—2wf+2

2(1-wy)

other hand can be easily shown by taking the derivative of \ =
with respect to wy and using wy € (0,0.5] from Proposition 3.
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